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1. ¤k�KÑL�3�Áò�½��K«�S.

2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

3. X�K�xØ
,��3���¡,¿I²KÒ.

�!(�K 30©,z�K 6©)
�©

µ�<

(1)�¼ê f(x) = x− ln(1 + x)− 1

2
x sinx, g(x) = ax3 ,

�÷vlim
x→0

f(x)

g(x)
= 1§K a = .

(2)�²¡L�:�: (6,−3, 2)§��²¡ 4x− y + 2z − 8 = 0R�§Kd²¡

�§� .

(3)4� lim
x→0

∫ sin2 x

0
ln(1 + t)dt

( 3
√

1 + x3 − 1) sinx
= .

(4) �¼ê f(u, v) äk��ëY �ê§f(2, 0) = 3, f ′u(2, 0) = 5, q� z =

z(x, y)´d�§ xz = f(2x− y, xyz)(½�Û¼ê§K
∂z

∂x

∣∣∣∣
x=1
y=0

= .

(5)�­� L�¥¡ x2 + y2 + z2 = 4�²¡ x+ y + z = 3���§K­�È©∫
L

(
x2 + 2xy

)
ds = .

)))���. (1)�â Taylorúª. ln(1 + x) = x− x2

2
+
x3

3
+ o(x3), sinx = x− x3

6
+ o(x3)§

¤±

f(x) = −1

3
x3 + o(x3).
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Ï�lim
x→0

f(x)

g(x)
= 1§=

lim
x→0

−1

3
x3 + o(x3)

ax3
= 1,

¤± a = −1

3
.

(2)´�d²¡�§� 2x+ 2y − 3z = 0.

5µ�YØ��§Xê���êÑé§~Xµ−2x−2y+3z = 0½ x+y− 3
2
z =

0�é.

(3) lim
x→0

∫ sin2 x

0
ln(1 + t)dt

( 3
√

1 + x3 − 1) sinx
= lim

x→0

∫ sin2 x

0
ln(1 + t)dt
1
3
x4

= lim
x→0

ln(1 + sin2 x) · 2 sinx cosx
4
3
x3

=
3

2
.

(4)é�§ü>'ux¦ �ê§�

z + x
∂z

∂x
= 2f ′u + yf ′v

(
z + x

∂z

∂x

)
.

dd)�
∂z

∂x
=

1

x

(
2f ′u

1− yf ′v
− z
)
.

5¿�x = 1, y = 0�§z = f(2, 0) = 3, f ′u(2, 0) = 5,¤±

∂z

∂x

∣∣∣∣
x=1
y=0

= 2f ′u(2, 0)− 3 = 7.

(5)�âé¡5§�∫
L

(x2 + 2xy) ds = 1
3

∫
L
(x2 + y2 + z2)ds+ 2

3

∫
L
(xy + yz + zx)ds

= 1
3

∫
L
(x2 + y2 + z2)ds+ 1

3

∫
L

((x+ y + z)2 − (x2 + y2 + z2)) ds

= 1
3

∫
L
(x+ y + z)2ds = 6π.
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�� �!(�K 14 ©) � f(x) 3 (−∞,+∞) þëY§
�©

µ�<

3 x = 0?��,�÷v f(x) = x3+x2 lim
x→0

f(x)

x
−x
∫ 1

0

f(x)dx.

¦¼ê f(x)�L�ª.

)))���. ´� f(0) = 0 ,¤±lim
x→0

f(x)

x
= lim

x→0

f(x)− f(0)

x− 0
= f ′(0).

P a = f ′(0), b =

∫ 1

0

f(x)dx,K

f(x) = x3 + ax2 − bx. (1)

dd� a = lim
x→0

f(x)

x
= −b. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

2éªf(1)�ü>3[0, 1]þ�½È©§�

b =

∫ 1

0

x3dx+ a

∫ 1

0

x2dx− b
∫ 1

0

xdx

=
1

4
+

1

3
a− 1

2
b.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

� a = −béá)� a = − 3

22
, b =

3

22
. ¤±

f(x) = x3 − 3

22
x2 − 3

22
x, −∞ < x < +∞.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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n!(�K 14 ©) ¦�©�§ y′x lnx sin y + (1 −
�©

µ�<

x cos y) cos y = 0�Ï).

)))���. ò��§C/�

y′ sin y +
1

x lnx
cos y =

1

lnx
cos2 y. (1)

- z = cos y ,Kþã�§�z�n = 2� Bernoulli�§

z′ − 1

x lnx
z = − 1

lnx
z2.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (6©)

-u = z−1,��§�?�Úz��àg�5�§

u′ +
1

x lnx
u =

1

lnx
.

|^úª§�þã�§�Ï)�

u = e
−

∫
dx

x lnx

∫ 1

lnx
e

∫
dx

x lnxdx+ C

 =
1

lnx
(x+ C).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

òÙ¥�Cþ�£�Cþµu = z−1 =
1

cos y
,�¤¦Ï)�

1

cos y
=

1

lnx
(x+ C).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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�� o!(�K 14 ©) � Ω ´d²¡ Π1 : x = 0, Π2 :
�©

µ�<

x = y, Π3 : y = z, Π4 : z = 1, Π5 : z = 2�¤��m«�§

¦n­È©

∫∫∫
Ω

dxdydz√
y2 + z2

.

)))���. æ^k���{. � 1 6 z 6 2 , ^²¡z = z� Ω �²¡«�µ Dz =

{(x, y)
∣∣∣0 6 x 6 z, 0 6 y 6 x} ,K

∫∫∫
Ω

dxdydz√
y2 + z2

=

∫ 2

1

dz

∫∫
Dz

dxdy√
y2 + z2

.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

=

∫ 2

1

dz

∫ z

0

dy

∫ y

0

dx√
y2 + z2

=

∫ 2

1

dz

∫ z

0

y√
y2 + z2

dy

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

=

∫ 2

1

√
y2 + z2

∣∣∣z
0
dz = (

√
2− 1)

∫ 2

1

zdz

=
3(
√

2− 1)

2
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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Ê!(�K 14 ©) �ä?ê
∞∑
n=1

an �Âñ5§Ù

�©

µ�<

¥ an = sin2 x sin2 2x . . . sin2 2nx, x ∈ (−∞,+∞).

)))���. (1)- f(x) = sin2 x sin 2x,K

f ′(x) = 2 sin2 x(3− 4 sin2 x) = −8 sin2 x
(

sinx−
√

3
2

)(
sinx+

√
3

2

)
.

- f ′(x) = 0,3 (0, π)¥��ü�� x1 = π
3
, x2 = 2π

3
.

N´y²¼ê f(x)3
(
0, π

3

)
∪
(

2π
3
, π
)
þüNO\§3

(
π
3
, 2π

3

)
þüN~�.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

(2)du f(x)�±Ï� π, f(0) = f(π) = 0, f(x)3 [0, π]þ����Ú���

©O� f
(
π
3

)
= 3

√
3

8
Ú f

(
2π
3

)
= −3

√
3

8
. � |f(x)| 6 3

√
3

8
. . . . . . . . . . . (9©)

��§d

a3/2
n = | sinx| · |f(x)f(2x) · · · f(2n−1x)| · | sin2 2nx| 6

(
3
√

3

8

)n

,

� an 6
(

3
√

3
8

) 2n
3

=
(

3
4

)n. l
?ê
∞∑
n=1

anÂñ.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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�� 8!(�K 14©) �¼ê f(x), g(x)3 [a, b]þëY
�©

µ�<

���÷v±en�^�µ

(i)
∫ b
a
f(x)dx =

∫ b
a
g(x)dx = 0;

(ii) f ′(x)g(x)− f(x)g′(x) > 0, x ∈ [a, b];

(iii) g(x)3 (a, b) þk��": ξ.

y²µ (1)
∫ b

a

f(x)

(∫ x

a

g(s)ds

)
dx = −

∫ b

a

g(x)

(∫ x

a

f(s)ds

)
dx.

(2)
∫ b

a

f(x)

(∫ x

a

g(s)ds

)
dx > 0.

yyy²²². (1)P F (x) =

∫ x

a

f(s)ds,G(x) =

∫ x

a

g(s)ds,Kd©ÜÈ©

∫ b

a

f(x)G(x)dx =

∫ b

a

G(x)dF (x) = −
∫ b

a

F (x)g(x)dx,

ùp§^�
^� F (b) = G(b) = 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

(2)w,§g′(ξ) 6= 0,Ø�� g′(ξ) > 0,K3 [a, ξ)þ g(x) < 0§3 (ξ, b]þ g(x) >

0. ∫ b

a

f(x)

(∫ x

a

g(s)ds

)
dx =

1

2

∫∫
D

(f(x)g(s)− f(s)g(x)) dxds,

Ù¥§D = {(x, s) |a 6 s 6 x 6 b}. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

r D ©¤nÜ©µD = D1 ∪ D2 ∪ D3, Ù¥§D1 = {(x, s) |a 6 s 6 x 6 ξ},
D2 = {(x, s) |a 6 s 6 ξ 6 x 6 b}, D3 = {(x, s) |ξ 6 s 6 x 6 b}.

d^�f ′(x)g(x)− f(x)g′(x) > 0�
f(x)

g(x)
3 [a, ξ)Ú (ξ, b]þî�üN4O§l


3 D1Ú D3þ§f(x)g(s)− f(s)g(x) > 0�Øð�u 0 ,�∫∫
D1∪D3

(f(x)g(s)− f(s)g(x)) dxds > 0. . . . . . . . (12©)

q∫∫
D2

(f(x)g(s)− f(s)g(x)) dxds =
∫ b
ξ
f(x)dx

∫ ξ
a
g(s)ds−

∫ b
ξ
g(x)dx

∫ ξ
a
f(s)ds

= 0,

�����ª^�


∫ b

ξ

f(x)dx = −
∫ ξ

a

f(s)ds,

∫ b

ξ

g(x)dx = −
∫ ξ

a

g(s)ds.

nþ§

∫ b

a

f(x)

(∫ x

a

g(s)ds

)
dx > 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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